The power spectrum of airborne magnetometer total intensity field profiles can be used to determine average depth values to buried magnetic rocks. These depths are established from the slope of the log-power spectrum at the lower end of the total wavenumber, or spatial frequency band. The method is based on the assumption that the magnetic effect of the basement surface can be simulated by an uncorrelated distribution of magnetic line sources, and is independent of the magnetic declination and inclination for straight-line profiles. Calculations carried out on profile data for an area in North-western Canada yielded good agreement with known basement depths.
Introduction
The airborne magnetometer is a valuable device for the determination of depths to buried magnetic rocks. These depths are commonly computed from measurements made on the widths and slopes of individual anomalies of the aeromagnetic profile. If adequate grid control is available, depths can also be established by the use of catalogues of three-dimensional prismatic models (Vacquier et ul. 1951) . A frequent shortcoming of these techniques is the fact that the calculations are performed on isolated anomalies, which are distorted by noise and regional effects. It has been recognized recently that a statistically oriented approach may sometimes be preferable, because more than one anomaly can then be used to determine depths to magnetic structures. While such an approach cannot be expected to have the resolution theoretically achievable by analyses carried out on individual anomalies, it can lead to the determination of mean depth values to major units of buried magnetic rocks. In particular, the statistical approach has been found to yield good estimates of mean depths to the basement underlying a sedimentary basin.
The earliest statistically oriented depth determination method appears to be due to Serson t Hannaford (1957) . These workers calculated the theoretical autocorrelation function resulting from the assumption that the observed total intensity magnetic field is due to an uncorrelated distribution of monopoles and vertical dipoles at some distance d below the fight line. They then computed empirical autocorrelation estimates from the recorded profiles, and determined depth estimates to the magnetic sources by matching the theoretically and empirically obtained autocorrelation functions. A thorough survey of subsequent studies of this kind has been given by Spector (1968) . Solovyev (1962) and Gudmundsson (1966) found that the power spectrum is more simply related to source depth than is the autocorrelation function.? The work of Horton, Hempkins & Hoffman (1964) , Bhattacharyya (1966) , Neidell(1966) , and Spector (1968) coniirmed these findings and provided new insight into many aspects of the problem. In particular Spector (1968) and Spector & Grant (1970) have developed a depth determination method which matches two-dimensional power spectra calculated from gridded total intensity magnetic field data with corresponding spectra obtained from a theoretical model. Their model assumes that an uncorrelated distribution of magnetic sources exists at a number of discrete depth intervals in the geologic column. They experimented with various kinds of idealized sources, and concluded that an uncorrelated distribution of rectangular slabs gave best results.
The approach of Spector & Grant (1970) requires the availability of gridded magnetic data, from which two-dimensional power spectra are computed for depth analysis. These spectra are generally functions of the magnetic inclination and declination. In many surveys only a few isolated profiles are recorded, and these must serve as the basis for the extraction of magnetic source depths. Frequently a rough estimate of the basement depth is all that is required. Hence it is worthwhile to develop a spectral depth determination scheme based on profile data alone.
We assume that there is a single uncorrelated distribution of infinitely long magnetic line sources at a depth d below the profile of observation and that these line sources approximate the magnetic effect of a magnetically susceptible basement overlain by layers of sedimentary rocks. Naturally the presence of shallower magnetic masses above this interface will affect the validity of our assumptions; nevertheless, our calculations suggest that the model is applicable in many field situations.
The present treatment constitutes one attempt in this direction.
The magnetic 5eld spectrum of a buried h e source distribution
Consider the Cartesian coordinate system pictured in Fig. 1 . The positive z-axis points vertically downwards while the positive x-axis points toward geographic North. Let T be the total intensity magnetic field vector, and let I and D be the magnetic inclination and declination, respectively. Let 06 be the line in the (x-y) plane passing through the origin 0 and making an angle D with the x-axis. Let O t be the profile line in the (x-y) plane, and let this profile line make an angle P with the x-axis. For aeromagnetic work the (x-y) plane then contains the flight line Ot. Finally, let t be the projection of T in the (t-z) plane, so that t is the component of the total intensity magnetic field vector in this plane.
Let us consider a planar distribution of buried magnetic sources located at a uniform depth d below the (x-y) plane. The source strength is assumed to vary as an arbitrary, but bounded function m(t) per unit length of the spatial co-ordinate ( only. Every elemental line source m ( t ) d t is assumed to be normal to the (z-5) plane, and extends infinitely in both these normal directions. In what follows we wish to treat a strictly two-dimensional problem; that is, we postulate that the magnetic effect of the buried masses is representable by a continuum of elemental line sources at a depth d below the profile direction Ot, and that all measurements are made along this direction. It is first necessary to obtain t, the magnitude of t, in terms of T, the magnitude of T, where we recall that t is the projection of T in the (z -t) plane.
From Fig. 1 Geometry for a buried magnetic line source distribution. T is the total intensity magnetic field vector, and t its projection in the (z-6) plane.
where a is the angle between T and t, which can be expressed in terms of the known angles D, I, and P. In the Appendix we show that where at and a, are unit vectors along the < and z axes, respectively. The symbol (.) denotes the vector dot product, and V,, is the gradient operator in the (z-5) plane.
The (z-T) plane has been redrawn for greater clarity in where 4 is the angle that t makes with the 05 axis. Thus,
where the last equality follows from equation (2.1). We now observe that where tt and t, are the g-and z-components of the field t in the ( z -g ) plane, and hence t = tC cos4+tZ sin4 = T cosu.
(2.3)
The magnetic scalar potential $(t,z) for the buried line source distribution m(E) is i-00 1965, p. 230) . Then the components fC and f, are obtained by carrying out the differentiations
and similarly,
The above relations can be expressed in the more revealing form, The right members of equations (2.5) are convolution integrals, and (2.3) can be written, a) = m(t) * [cos dNt) + sin 4s(t)1.
The symbol * denotes convolution, and we write t ( t ) rather than t to indicate the explicit dependence of the total field magnitude on the spatial variable t.
Let us now find the Fourier spectral representation of (2.7). We obtain
where K is the wavenumber in the t direction?, and where we assume that the Fourier transform of m ( t ) exists, i.e. that
We have made use of the fact that convolution in the space domain is equivalent to spectral multiplication in the frequency (i.e. wavenumber) domain. The functions
T ( K ) , H ( K ) , and G(K) are the Fourier transforms of t ( O , h(t), and g(t)
, respectively. Using equations (2.6), we obtain 1954, p. 65, Formula 15) and
Ot, and thus z = 0. Accordingly we may write, From Fig. 1 we see that our observations are made along the profile direction
where U ( K ) is the bilateral unit step function,
U(K) =
Substitution of (2.9) into (2.8) yields (-IKld) and hence the power spectrum S,(K) of the magnitude of the total intensity field component along the <-axis at z = 0 is
where the notation t* denotes the complex conjugate. Since
the factor in square braces is unity, and thus In actuality we measure T, the total magnetic intensity field vector, and not t, the projection of T in the profile plane. Combination of equations (2.1) and (2.11) yields (2.12) where S,(K) is the power spectrum of T(C). The function T(5) is the magnitude of of the total magnetic intensity field vector T as recorded along the profile 05 (see Fig. 1 ). The depth d enters the expression for this power spectrum only in its exponential term-it depends neither on the power of the uncorrelated line source strengths, A', nor on the angle a that T makes with t. From equation (2.12) we then deduce that d is independent of the angles D, I , and P.
Taking the natural logarithm of both sides of (2.12), we obtain A plot of lnS,(ic) versus K is a straight line with slope equal to -2d. Since the depth is not a function of the intercept 2nAlcos a, we can omit this factor from (2.12) and write S(K) = exp (-21~14 (2.13) so that S ( K ) represents the power spectrum normalized to K = 0. Then
which is a straight line of slope -2d and passing through the origin of the In S(K) vs.
K plot. The determination of the line source depth d is thus reduced to the measurement of the slope of the log-power spectrum s (~) which, ideally at least, is a straight line. The relationship just derived is quite simple, yet we must bear in mind that it is difficult to assess the validity of some of our assumptions. In particular, we have supposed that the line source strengths m(5) are uncorrelated. A recent study by Puranen, Marmo & Hamalainen (1968) over a 1200km' exposed shield area in Finland found that the measured susceptibility values of some 4700 samples of igneous rock followed a roughly log-normal distribution. These results suggest that the hypothesis of an uncorrelated magnetic source strength distribution is not unreasonable.
Depth determination from the empirical spectnun
The power spectra from which depth estimates are to be made will be determined digitally. In particular, these estimates will usually be based on given portions, or gates of the entire aeromagnetic profile. Let such a gate be described by the series of N equispaced total intensity values The empirical spectra shown in Section 4 were obtained by cosine transformation of the Bartlett-weighted autocorrelation function of the series Ti (Ibid., p. 98). The ratio of approximately 1/9 for M / N proved satisfactory for long aeromagnetic profiles exhibiting many fluctuations in the total field values. If the field changes slowly with distance, so that there are only two or three fluctuations along the profile gate, the above recommended value of M / N can result in a poor spectral estimate. The same problem also occurs if we deliberately truncate a long profile to obtain a spectral estimate and a resulting average depth over a small lateral distance. In either case, the data changes slowly relative to the length of the profile gate. This gives rise to an autocorrelation function for which the number of lags to the first zero crossing is appreciably greater than N/9. For such situations the shape of the weighted autocorrelation function tends to take on the shape of the lag window used for the weighting, and the resulting spectrum will then be strongly influenced by the choice of a particular lag window. For example, the weighting of such an autocorrelation with a square wave produces a spectrum rather similar in appearance to a (sin+) curve, while weighting with a Bartlett lag window produces a spectrum that looks more like a (sinx/x)2 curve. In both cases the spectra tend to be very oscillatory. We have generally been able to circumvent this problem by selecting M to be the larger of either the ratio N / 9 or the number of lags to the first zero crossing of the unweighted autocorrelation function.
Our preference for the Bartlett lag window is based on the fact that its cosine transform is nonnegative for all i c, . This means that negative spectral estimates cannot arise, and the logarithm of the spectrum then remains well defined for all wavenumbers K,.
The raw profile data will generally contain a regional trend component, which must be removed prior to spectral analysis. This step is accomplished by subtracting from the raw data the least-squares straight line fitted to this data.
Test of the method on real profile data
The present depth estimation method has been applied to a set of eleven aeromagnetic total intensity field profiles flown at an elevation of 3000 feet above sea level over an area in western Canada. The profiles were recorded digitally at a horizontal sampling increment of roughly 200 ft. Good geological control was available in the form of a basement contour map made from seismic survey and well data. The sedimentary section varies in thickness between 3500 and 6OOO ft, and abrupt changes in basement relief are rare.
We shall assume that the interface between the sediments and the basement rocks can be modelled by an uncorrelated magnetic line source distribution buried at a depth d below the flight line, and that the rocks overlying the basement are essentially non-magnetic. Table 1 summarizes the results obtained from our analysis. The depths are referred to the aircraft flight altitude rather than to ground surface or sea level. The digital profile data was decimated to every fifth sampled value, so that A< = 1OOOft. Suitable gates were extracted from the eleven profiles for spectral analysis, and for eight of the eleven profiles chosen this gate length was roughly 38 miles, so that some 200 sampled values were used to determine the corresponding spectra for these cases. Figs 3 and 4 respectively. We compute the log-power spectrum by merely taking the natural logarithms of the corresponding normalized power spectral estimates for j = 0, 1, ..., M. Since the peak value of the normalized power spectrum is unity, the peak value of the log-power spectrum is 0 (i.e. In 1 = 0). We have further indicated the level at which the power spectrum has decayed to 1 per cent of peak amplitude by the horizontal line labelled ' 1 per cent' (i.e.
In 0.01 = -4.6).
The log spectra of Figs 3 and 4 deviate considerably from the straight line of slope -D predicted by our theoretical model. However, if we consider only the components above the 1 per cent level the agreement between theory and practice is improved. The depth estimates given in Table 1 were obtained by fitting a straight line to the steeper segments of the spectral curve above the 1 per cent level. This can be done on the computer with the aid of least squares techniques, but we found that a visual straight-line estimate proved equally adequate. For example, the log-power spectrum calculation for Line 5 yielded the estimates given in Table 2 : Table 2 Normalized log-power spectrum estimates for Line 5, j = 0,1,2,3. The straight line drawn through the points (71130, -0.60) and (3n/30, -3.26 as our depth estimate. The straight line of slope -12.7 has been indicated by the dashed segment in Fig. 3 .
Discussion of results
The reader will readily appreciate that the calculations described above are indeed approximate, and thus the depth entries in Table 1 have been rounded to the nearest 500 ft. Nevertheless, the computed depths do compare quite favourably with the mean depths observed on the basement contour map, although they tend to be too conservative. One cause for this discrepancy might be found in the existence of shallower magnetic rocks with the sediments. Bhattacharyya (1966) points out that spectral overlap between the effects of deeper and shallower sources will always occur, so that no perfect separation of the two effects is theoretically possible. More recently Spector (1968) has found that in many instances the presence of shallower magnetic rocks will be revealed by a reduction in the slope of the log spectral curve at the higher wavenumbers. This phenomenon occurs because the shallower bodies generally contribute more to the high wave number components than the deeper bodies do. Quite generally, the power spectra of most potential fields do behave roughly as exp (-2x4) (Bhattacharyya 1967) , and one sees why Spector's results are reasonable. Several of the spectra that we computed for the present study showed evidence of such a break in slope, but we lacked enough geologic control to determine whether shallower magnetic rocks did indeed exist in the section. One difficulty with this refinement occurs because the higher wave number components tend towards increasingly smaller magnitudes and hence become harder to estimate accurately. This may well be the case for the spectral sections lying below the 1 per cent level of Figs 3 and 4, whose mean slope is so small that any magnetic sources attributable to this slope value would have to lie above ground level! The present method can only yield a single depth value for an entire profile gate from which the spectrum is computed, so that undulations of the basement surface having periods equal to or less than the gate length cannot be detected. It might be possible to circumvent this problem by choosing shorter gates, but care must be exercised to retain sufficient sampled values Ti so that the resulting spectra remain statistically significant. At present it would appear that such gate lengths must be determined by trial and error, or perhaps by a more rigorous scheme such as the one recently proposed by Wang (1969) .
Our model assumes that the observed magnetic anomaly field can be approximated by the field due to a buried uncorrelated magnetic line source distribution of infinite length. Tsuboi & Fuchida (1937) have investigated the error which arises when such line sources are in reality of finite length. They found that if the actual length I of the line sources is about four times the depth of burial d the error from the infinite length assumption is roughly 10 per cent. Spector and Bhattacharyya (1966) and Spector (1968) have made extensive studies of the spectral shapes to be expected from the fields due to uncorrelated source distributions of finite extent. Their findings should prove useful for the more complex situations for which our infinite line source model does not hold.
The aeromagnetic data used for the present study was digitally recorded at a sampling increment of 200ft, but the spectral analysis was carried out on data decimated to a 10oO-ft sampling interval. The question naturally arises whether aliasing is a problem (see e.g. Blackman & Tukey 1958) . As long as we restrict ourselves to the lower wave numbers for depth determinations the alias effect does not appear to be serious. Lines 5 and 9 were resampled to a 20oO-ft sampling interval, and the spectra obtained from this data gave depth estimates almost identical to those obtained for the 1OOO-ft sampling interval. We deduce that aliasing is not a significant source of error for the calculations described above.
Concluding remarks
The spectral magnetic depth determination method provides a computationally simple and rapid scheme to obtain mean basement depths in sedimentary basin areas. These calculations can be made directly from the profile data, and there is no need to work with gridded magnetic maps. The method is independent of magnetic declination and inclination provided that the profile direction remains reasonably constant over the gate chosen for spectral analysis.
The subject of optimum choice of gate length and gate position needs further examination, as does the statistical significance of the estimates obtained. It might also be desirable to extend the present model to more than one discrete depth level of line source distributions, but very good geologic control is required to assess the merits of such a refinement.
In principle this analysis ought to be applicable to gravity surveys also but here we face the problem that every unit of buried mass contributes to the total observed gravity field. Unless there are very strong density contrasts in the section, the assumption that the sources occur at a single discrete level will not be appropriate.
But inspection of Fig. 1 cos e = aT . a, = nrT n,C + ny T C ny + nZT n,C. 
